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Statistical Considerations in Linear Elastic Fracture Mechanics
Edward Mark Lenoe,* Donald M. Neal,t and I. Spiridigliozzit
Army Materials and Mechanics Research Center, Watertown, Mass.

Critical defect size distributions are estimated for various metals and for hot pressed silicon ni-
tride using the Monte Carlo method. With regard to the critical flaw size computation, results ob-
tained for the numerous materials are compared to the sensitivity or probability of detection of par-
ticular flaw sizes based on existing nondestructive evaluation techniques. In several instances, de-
fect detection is the limiting factor. Comparison of flaw estimates for the silicon nitride to fracto-
graphic observations demonstrates capability of order of magnitude accuracy. The technique is also
used to explore the influence of variable parameters in a simple crack growth law. An important re-
sult was the nonnormality of life estimates, even though normal distributions were used for input
variables. The consequence is a much lower probability of occurrence for the modal value of the life
distribution than might be anticipated. With regard to the Monte Carlo method, the paper demon-
strates that selection of the appropriate number of simulations must rely on consideration of third
and higher order moments of the resulting statistical distributions. A large number of simulations
were needed in order to obtain convergence of these moments. This, in turn, provides criteria for re-
quired number of simulations in the defect size and life computation. In summary, the paper illus-
trates the importance of statistically based fracture mechanics materials selection criteria. Further-
more, it demonstrates that the simple series approximation technique generally underestimates
mean values and variance, particularly for large variances in operating stress and materials prop-
erties. Most importantly, the technique provides probability distributions for realistic fatigue life
estimates.

Introduction

REQUIREMENTS for high-performance materials oper-
ating in extreme environments have generally lead to the
necessary use of high strength and brittle materials. Many
of these materials possess excellent resistance to fatigue
crack initiation. However, many advanced materials, due
in part to their limited production base, often inherently
contain severe internal or initial manufacturing defects
which can enlarge at an alarming rate in comparison to
the fatigue crack initiation stage. Then, too, their general-
ly low fracture resistance renders these materials far more
susceptible to potential catastrophic brittle failure. It is
imperative to explore more systematically the fracture
mechanics characteristics in the selection and application
of tougher materials than has been done previously.

In this paper, inherent critical materials defects are em-
phasized rather than those structural details which can
drastically amplify the stress-range intensity. Application
of fracture mechanics involves a sequence of operations,
starting with establishment of the initial flaw size, choice
of failure criteria, estimates of the number of cycles re-
quired for the initial flaw size to reach critical or inspec-
table flaw size, and finally, an overall comparison of these
characteristics for the candidate materials. Usually these
computations are treated on a deterministic basis, and
conservative parametric values are the basis of estimated
behavior. In this case, we treat the matter from a statisti-
cal viewpoint by considering the influence of variation in
the materials' parameters by means of the Monte Carlo
method.
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Monte Carlo Method

The Monte Carlo method is a desirable means of deter-
mining flaw sizes since the controlling parameters, e.g.
KIC, 0"uit» and a are inherently variable. The relative com-
plexity of the functional relationship, in addition to the
expense of extensive experimentation, further suggests the
need for the Monte Carlo method. The method avoids re-
strictions on the exact specification of the statistical dis-
tributions of the variables, since simple approximating
functions can serve well in the scheme. In general, this
prevents formulation of incorrect frequency distributions
for the quantities of interest.

In this paper, determination of critical crack radius acr
by the Monte Carlo method involves representing each of
the independent variables by a set of normally distributed
random numbers. Use of normal distributions is not a re-
quirement. However, due to resulting simplifications, nor-
mal distributions were used in this initial phase of our
work. The pertinent equation, including plasticity correc-
tions, commonly applied for defect size estimates is

= K1C - 0.212 —— /I.21 77(J2
(1)

where KIC = fracture toughness, a = operating stress, <rult
= ultimate strength, and </> = stress intensity factor for
appropriate crack geometry.

A value is specified for each variable by choosing a
number at random from its corresponding distribution.
The resulting value for acr is determined for each set of
randomly selected variables. The computation is repeated
and a probability distribution is obtained for the defect
sizes.

The normally distributed random numbers were gener-
ated by a Univac 1108 subroutine. The procedure is sim-
ply one of generating uniform random numbers and solv-
ing for X in the relation

/, dx = R (2)

where R = uniform random number and ft — normal fre-
quency distribution. As noted previously, if the probabili-
ty distributions of the controlling variables are known
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Table la Summary of critical flaw size determinations—typical aerospace metals,
±15% variation

yield strength,

Yield
strength

Critical flaw radius, in.

Monte Carlo (400 trials) Taylor series approximation

Materials [ksiCin)1/*] (0.2%) Interior flaw Surface flaw Interior flaw Surface flaw

4340 steel
18Ni, maraging

steel
Titanium
6A1-4V
mill range
Aluminum
2024-T3
2024-T4
7075-T6
7178-T6

53
68.

109,
230.

106.
44,
50
46,

=h 2.8
4 ± 3.51

.3 zh 4.5
A =b 8.4

.8 dz 5

.1 zb 3.8

.9 ± 7.2

.4 d= 5.1

240 zb 15
257 ±: 17.7

140 =b 10
140 ± 10

42 =b 3 . 5
42 =b 3.5
70 =b 4.1
75 dz 6.0

0.096
0.1397

1.209
5.372

13.4698
2.3101
1 . 1244
0.81164

=b 0.03525
zb 0.0511

=b 0.4342
zb 1.912

zb 4.882
zb 0.9173
zb 0.521
=b 0.343

0.0545
0.07936

0.687
3.0515

7.658
1.3134
0.6394
0.46155

zh 0.0204
± 0.02962

d= 0.2515
± 1.11

zb 2.827
zh 0.53
zb 0.3
± 0.20

0.0864 =b
0.1258 =b

1 . 0902 zb
4.8442 zb

12.1366 zb
2.069 =b
0.994 =b
0.7235 zh

0.02824
0.04101

0.3490
1.5398

3.918
0.7321
0.4164
0.2743

0.04895
0.0713

0.6170
2.746

6.888
1 . 1744
0.5642
0.4107

db 0.0163
zh 0.02374

d= 0.2022
=b 0.8922

=b 2.269
=b 0.4225
zb 0.24
zb 0.1580

Table Ib Summary of critical flaw size determinations—typical aerospace metals, 25% yield strength,
±15% variation

Critical flaw radius, in.

Monte Carlo (400 trials) Taylor series approximation

Materials Interior flaw Surface flaw Interior flaw Surface flaw

4340 steel
18Ni, maraging steel
Titanium
6A1-4V
mill range
Aluminum
2024-T3
2024-T4
7075-T6
7178-T6

0,
0

7.
31,

75
12.
6.
4.

.5658 dh

.8217 zb

0627 zb
.37 =b

zb
,85 =b
,24 =b
48 zb

0.2035
0.2946

2.481
10.92

26.6
5.02
2.86
1.87

0.3276
0.4749

4.082
18.13

43.3
7.43
3.61
2.59

±

zb

zb
zb

zb
zb
±
dz

0.118
0.171

1.438
6.33

15.4
2.91
1.65
1.08

0.5104
0.7414

6.38
28.35

67.7
11.54
5.53
4.0

zb
zb

zb
zb

zb
zb
zb
zb

0.163
0.2362

1.994
8.8

21.4
4.0
2.28
1.5

0.295
0.4283

3.686
16.38

39.1
6.7
3.2
2.31

± 0.0946
zb 0.137

zb 1.156
=b 5.1

=b 12.4
zh 2.32
=b 1.32
=b 0.87

Table 2 Flaw radius estimates"—hot pressed silicon
nitride (deterministic value for mean = 0.0052)

or
Percent

deviation

1
3
5
7
9

11
13
15

Monte Carlo method

Mean

0.0055
0.0055
0.0056
0.0056
0.0057
0.0057
0.0058
0.0060

S.D.

0.0027
0.0028
0.0029
0.0030
0.0031
0.0033
0.0035
0.0038

Series

S.D.

0.0027
0.0028
0.0028
0.0029
0.0029
0.0030
0.0031
0.0032

% Difference

Mean

6
6
8
8

10
10
11
15

S.D.

0.0
0.0

4
3
7

10
13
19

a KIC — 3.2 ksi (sq. in., S.D. = 0.8557; <£2 = 2.5 (internal spheroidal
flaw); <Tult = 59.17 ksi, S.D. = 7.45; a = 35.5 ksi (operating stress).

from some experimental results or from an analytical
basis, then the appropriate distribution function ft may be
used in Eq. (2).

Flaw Size Estimates

Variables that affect fracture toughness, limitations of
experimental procedures, and statistical analysis of frac-
ture toughness data of engineering alloys have been dis-
cussed by several investigators.1'2 Lin,1 for example, com-
pared normal, two- and three-parameter lognormal and
two- and three-parameter Weibull distributions for frac-
ture toughness data and suggested that the two-parameter
lognormal function would generally satisfactorily repro-
duce experimental data. The functions were compared on
the basis of rms differences, and examination of these rms
values indicated it would not be unreasonable to approxi-

mate the KIC values by normal distributions. Therefore,
typical mean values and standard deviations for KIC data
on aerospace materials were selected1'2 and the Monte
Carlo method was applied to Eq. (1). The flaw size esti-
mates were completed for two levels of operating stress
(25 and 60% of cry) and assuming variability in the operat-
ing stress ranging up to ±15%. The results of the initial
calculations, for 400 simulations, are summarized in
Table 1. Note both the mean values and standard devia-
tions (S.D.'s) are tabulated.

Using silicon nitride, the means and S.D.'s for certain
variances of the operating stress are presented in Table 2.
A comparison of results for the Monte Carlo and series
approximation is also presented. In determining the S.D.
using the series approximation method as a first-order
Taylor series approximation, the following relationship is
used.

1/2
(3)

where 6 = S.D. (standard deviation), xt = independent
variable (e.g., KIC), dxi - S.D. independent variable, and
Z = dependent variable (acr). It is apparent that the se-
ries approximation generally underestimates both means
and S.D.'s.

Results for the Monte Carlo method in Table 1 are for
400 simulations and are therefore relatively crude compu-
tations. Equation (1) was systematically evaluated for
4340 steel and for hot-pressed silicon nitride. To effective-
ly determine the proper number of simulations, the be-
havior of third and fourth moments of the flaw size distri-
bution was surveyed as a function of increasing number of
trials. It was found that the mean and standard deviation
were not sufficient for examining effects of number of
simulations since the shape of the calculated distribution
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Fig. 1 Monte Carlo esti-
mates of flaw
size distribution
for silicon ni-
tride.
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function continued to change, long after constant first and
second moments had been achieved. The number of trials
were systematically increased up to 8000 simulations.
Using the error analysis3 E = [35/(W)1/2] where E = error,
5 = S.D., and N = number of trials, resulted in errors of
the order of 0.0001 for N = 8000.

The measure of quality of fit, referenced to the normal
distribution, was the Kolomogorov coefficient.4 In general,
the silicon nitride material did not have an acceptable
normal distribution, and was skewed somewhat to the
right.

An attempt was made to fit the flaw histograms with
lognormal functions, but error was too great. An accept-
able distribution function was determined by using the
Arne Fisher5 least-square fit approach. This employs an
equation of the form

Ps
j=o

(4)

where C = yth Arne Fisher coefficient withy = 0,1, . . . ; / =
frequency; Xt _= data point; X = mean; d = S.D.;
y = [(Xt - X)/d]- &[$>&)] = ;th derivative; 3>(y) =
[exp(-y2/2)]/(27r)1/2; and P = number of terms plus one.

To simplify the computation, the following relation may be
substituted for Eq. (4):

with the Hermite polynomials Hj defined as HQ (y) = 1,
#1 (y) - y, and

with
= y [ H r ( y ) - r

Y = 1,2, . . .
using a value of P = 7, produced a satisfactory frequency
distribution function for the Monte Carlo estimates, as
depicted in Fig. 1, for the various standard deviations in
operating stress.

It is of interest to compare the results of the Monte
Carlo estimates summarized in Table 2 to those obtained
using the series approximation, e.g. acr - 0.0052 and 8acr
= 0.0028. We obtained generally good agreement, with
maximum differences of 15%. Once again, however, the
series approximation ordinarily underestimated means
and variances.
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WEIBULL

40 60 ?.0

Fig. 2 Tensile strength of hot pressed silicon nitride (NC-130)
compared to statistical distributions.

Regarding the flaw size estimates, probability density
functions of the independent variables were based on
available experimental data. The tensile strength distri-
butions, for instance were fit to ring hydroburst results6'7
as well as to data obtained on conventional contoured ten-
sion specimens.8 The Weibull and normal distributions
are compared to the experimental observations on hot-
pressed silicon nitride in Fig. 2.

Fractographic analysis of mechanical properties speci-
mens of hot pressed silicon nitride have been carried out
by a number of investigators.8'9 Baratta, et al.8 carried
out scanning electron microscopy to determine location
and size of fracture initiating flaws for room temperature
tension and flexure response while Baumgartner and Ri-
cherson9 performed similar microscopy of four-point flex-
ure specimens. Their results are shown in Fig. 3. Of inter-
est is the range in mean flaw radii (0.00053-0.00124 in.)
compared to the calculated value of ~0.0055 for nominal
operating stresses of 67% of the strength of the material,
suggesting that conventional linear elastic fracture me-
chanics is capable of estimating the correct order of mag-
nitude of flaw size in this brittle material. Considering the
nature of the defects, this is rather remarkable agreement,
due to the difficulty of accurately idealizing the fracture or-
igins as spherical or even elliptical voids. Figure 4, for ex-
ample, illustrates typical low-density flaw sites. At higher
magnifications, it is evident there is no clear demarkation
of the defects and obviously idealized spherical flaw sizes
would vary considerably with individual judgment exer-
cised during examination of photo micrographs.

The detailed examination of specimens with internal or
subsurface fracture origins indicated that for tensile speci-
mens, fractures generally initiated in such typical regions
of incomplete densification, containing large amounts of
interconnected porosity. Inclusions or second phases were

SPECIMEN 3 -1 SPECIMEN 21-1

Fig. 4 Scanning electron micrographs of typical porous flaws
in hot-pressed silicon nitride.

also observed to initiate subsurface fracture in both ten-
sile and flexure specimens. In the hot pressed materials
examined here, there was a tendency for elements such as
Ca, V, Mn, Co, Ba, and in some instances Fe, to preferen-
tially segregate to the porous fracture site. In second-
phase particles or inclusions which were not fracture initi-
ation sites, Al, Mo, Ca, and Fe have been observed.8
However, based on limited data, it is premature to attrib-
ute the high porosity-low density regions of fracture origin
to specific impurities.

With regard to flaw size distributions, it is of interest to
consider the defect estimates for other materials. Figure 5
presents the distribution for 4340, while Fig. 6 displays
the computations for beryllium. Referring to Fig. 5, the
defect estimates are rather closely approximated by a nor-
mal distribution. There is only slight suggestion of skew-
ness. The higher ratio of fracture toughness (Kjc) to de-
sign stress (a), as contrasted to the silicon nitride materi-
al, apparently tends to diminish nonnormality.

Beryllium is of interest for several reasons. More than a
decade ago a major beryllium turbine engine development
program was jointly initiated in the United States and the
United Kingdom (Ref. 10, p. 87). Design studies had indi-
cated potential weight saving of 70% in blades and 60% in
compressor disks as contrasted to titanium. Major prob-
lems encountered in this program were failure of blades
under impact and brittle failures of disks, which led to
termination of the beryllium turbine engine development
program.

Consideration of fracture data11'13 reveals that about
80% of the KIC results for beryllium lie between 10-25
ksi(in)172. Although there is a tendency for fracture tough-
ness to decrease with increasing thickness, scatter in avail-

.004 r

.002

.001
.0008

.0006

.0004

O Baratta, e ta l (8 )

0 Baumgartner & Richerson(9)

Mean . 00124 inches

1 2

Mean. 00053 inches

I I I I I I I I I I I I _LJ
5 10 20 40 60 80 90 95

Probability of Occurrence, Percent
98 99 99.8 99.9%

Fig. 3 Experimentally determined critical flaw sizes in hot-
pressed silicon nitride.

FLAW SIZE DISTRIBUTION

4340 STEEL

FLAW RADIUS
(Mean, Standard Dev.)
(.09383, .03543)

0.0432 0.0865 0.1297 0.173 0.2162
Flaw Radius, inches

Fig. 5 Flaw-size estimates for steel.
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SURFACE FLAW INTERIOR FLAW
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40
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.024,

.023
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.021
Coeff ic ient of Variation Design Stress

Fig. 6 Flaw-size estimates for beryllium; strength = 59.2 ±
1.2, fracture toughness 9.78 ± 1.06, design stress 40
ksi.

able data is too large to positively identify such an effect.
For computations reported here, input data was somewhat
arbitrarily taken as <7uU = 59.2 ± 1.2, KIC = 9.78 ± 1.06.

The strength data is based on the histograms illustrated
in Fig. 7. An overall comparison of flaw size estimates for
the different materials is made in Fig. 8, using 95% confi-
dence limits for the estimated mean values. The compari-
sons are made for assumed interior spherical flaws and
nominal operating stresses at 60% of yield, ±15%. In all
the Monte Carlo computations, it was assumed that the
flaw location was known and the geometric factor was as-
sumed constant.

Figure 9 summarizes the results for the silicon nitride in
terms of the variation and mean flaw radius as a function
of coefficient of variation in design stress. Note that in
this instance, the variance in KJC and <7u l t were 26.7 and
12.6%, respectively. While the variance for the ultimate
strength is representative of the material, it is likely that
the scatter in fracture toughness data will be reduced as
experimental procedures are further developed.

Crack Propagation Estimates

Past studies of fatigue crack propagation in metals have
lead to an extensive literature dealing with component fa-
tigue life prediction. Hoeppner and Krupp,14 for example,
summarize and discuss 33 proposed crack propagation
relations, while other investigators present numerous vari-
ants of such laws.15-19 One of the more common of fatigue
crack propagation relationships for metals is of the form

(6)

where now m is taken as a material constant, ±K is the
range of stress intensities, and N represents the number of
fatigue cycles. Freudenthal19 has indicated that based on
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Fig. 8 Flaw-size estimates for various materials (95% confi-
dence limits).

crack growth experiments, the material constant m seems
to vary within the limits 2 < m < 10, where high values of
5 < m < 10 are characteristic for high strength metals
and for crack propagation under fully plastic conditions of
ductile metals. Lower values of 2 < m < 5 represent crack
propagation against elastically restrained plastic resis-
tance. Integration of Eq. (6) between limits of initial
crack or flaw size acr and the terminal crack size is the
basis of the life estimate.

Usefulness of Eq. (6) depends on reliability of knowl-
edge of C, AK, and m, as well as the correctness of the as-
sumptions that crack growth depends on stress range
alone and is nearly independent of the mean stress. It is
known that in order to encompass the entire range of
crack propagation, including initial and terminal stages,
propagation rules other then Eq. (6) are required. How-
ever, in the middle range of fatigue crack growth, the
equation is reasonable although scatter ranges of about 1:3
in crack growth rates are representative of reported slow
crack growth measurements. For purposes of discussion,
crack growth in 4340 steel and time to failure predictions
in hot-pressed silicon nitride have been considered.

Data for crack propagation in steel20 were used to con-
sider the case of fatigue life of a landing gear, treated in a
deterministic manner by Krupp and Hoeppner.21 The
fracture mechanics analysis was for a 4340 steel main
landing gear part, from a typical large transport or bomb-
er aircraft. The service life requirement was 6000 flights
under a service spectrum whose peak stress was 78.5 ksi.
Crack growth in the main landing gear component from
an initial length of 0.075 to a critical length of 0.606 in.
was estimated at 7550 flights, significantly larger than the
target 6000 missions. Using similar mean values, and the
indicated standard deviations for independent variables,

COEFFICIENT OF VARIANCE IN

FLAW R A D I U S

60 70 80 ~~ 40~~ 50 2 4 6"

Fig. 7 Typical strength distributions for beryllium.

.0054 -

2 4 6 S 1 0 1 2
COEFFICIENT OF VARIANCE IN DESIGN STRESS, %

Fig. 9 Estimated flaw sizes for hot-pressed silicon nitride;
yield strength 59.17 ± 7.46, fracture toughness 3.2 ±
0.86, design stress 35.5 ksi.
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Variation in m = 10%

4 8 12 16 24 32 40

Thousands of Cycles

Fig. 10 Illustrative sensitivity of fatigue life estimates to
variance of controlling parameters.

Eq. (6) was solved by performing necessary integration
and then applying the Monte Carlo method. A number of
computations were completed in order to investigate sen-
sitivity of the crack growth equation to statistical distri-
butions of the controlling variables. These computations
involve reasonable variations in the parameters C = 1.09
x 10~8, m = 2.17, Ao- = 78.5 ksi and y = 0.85 over the
range of crack length 0.025-0.202 in. as shown in Fig. 10.
Histograms where each variable was allotted a coefficient
of variance of ±10% with all other variables assumed con-
stant are also illustrated. The results of the sensitivity
analysis to the various input parameters are shown in Fig.
10, for 400 simulations. It is evident that the exponent m,
is the quantity causing most scatter, resulting in a multi-
modal and highly skewed fatigue life distribution. This in-
dicates a greater need for careful evaluation of m. Of fur-
ther interest is Fig. 11, for the case of typical coefficients
of variance in controlling parameters. The distribution is
again highly skewed. In order to obtain a more accurate
estimate, the number of trials was increased by 6000 and
the final results are compared in Fig. 11. It is evident that
the modal value is associated with a fairly low probability
of occurrence. Longer as well as shorter fatigue lives pos-
sess a significant probability of occurrence.

Time-to-Failure Predictions for Silicon Nitride

In many metals, the concept of fatigue crack growth
and its relation to the physical basis of the crack propaga-
tion rate (da/dN) rule is easily clarified by means of frac-
tographic analysis of mechanically stressed components.
Fatigue striations are often clearly displayed in a fracto-
graph of the failed component. A precise determination

;ased on 400 Trials

16 24 32 40 48 56 64
Thousa ndsof Cycles

Fig. 11 Monte Carlo fatigue life estimates for main landing
gear.21

10
1200'

~ 1400° C

1350

5 6 7 9 10 12 K

Fig. 12 Crack growth rate vs stress intensity, hot-pressed sil-
icon nitride.

can then often be made of the number of fatigue cycles on
the basis of direct measurements of these striations. Due
to a lack of detailed knowledge concerning the mecha-
nisms of fatigue in structural ceramics, such direct ap-
proaches are not presently available.

Evans and Wiederhorn22 have described the techniques
for generating and applying slow crack growth data to ce-
ramics in order to predict failure. Due to the difficulty of
crack growth measurements at elevated temperature, sev-
eral specific experimental techniques have evolved. Use of
the double-torsion configuration (see schematic in Fig. 12)
under quasi-static conditions has enabled measurement of
crack velocity behavior as a function of nominal stress in-
tensity level. The specimen has been used in several
modes to obtain crack growth rate information: fixed dis-
placement, constant displacement rate, or constant load.
The most prevalent is the fixed displacement mode which
yields continuous crack growth rate data using the double
torsion configuration. Both displacement and load ampli-
tudes have been employed with sinusoidal cycles and
frequencies <5 Hz. For this range of observation there do
not appear to be significant frequency effects. However,
further experimentation is required for a comprehensive
evaluation of crack growth in ceramics.

Several applications of Eq. (6) have been made to esti-
mate the life of ceramic components.23-27 In one instance,
the crack velocity relationship is integrated directly to ob-
tain a time to failure £/, with m, C0, and K0 determined
from crack velocity V vs KI results, then the form is

(7)

An alternate formulation is based on the Weibull strength
distribution

Pf = 1 - exp[-(S/S0)«] (8)

where S = [Kic/^(a0)^/2} and S0 and m are the Weibull
constants, and substituting into Eq. (6), under constant
stress conditions, the failure time becomes

t = (n - 2)/w lnln[l/(l - Pf)] - n In a

+ In Sn + In [co(n - (9)

The Monte Carlo technique was applied to Eq. (6),
using crack velocity data from Fig. 12. Even for low stress
levels, the estimated life times for the silicon nitride were
found to be comparatively short at the 2500°F tempera-
tures. In order to improve service life, proof test proce-
dures have been advocated in the past as well as recent-
ly.27 For proof test conditions, denoting o> as the over
proof stress and aa as the applied or service stress, the
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minimum life estimate now becomes

'--[(.-2,c.4^-][(g)'"J-'"°'
With regard to Fig. 12, it should be noted that the data

are for an early generation of hot-pressed silicon nitride.
Later, higher purity materials promise higher strength but
tougher components. In attempting to carry out life esti-
mates, it is prudent to briefly consider the strength distri-
bution function Eq. (8) which is an important aspect of
the analysis.

In the engineering literature, Eq. (8) is referred to as
the Weibull distribution since he suggested its application
to describe material fracture strength.28 It is widely ac-
cepted that the brittle fracture strength of a material
under a homogeneous stress state is related to its defect
structure, and the concentration and severity of these de-
fects. Equation (8) is general in character and assumes
the inhomogeneities are uniformly distributed over the
volume of the body. Alternate formulations have been
proposed to describe strength. The statistical approach to
brittle fracture.has been fairly thoroughly reviewed,29 and
current alternate approaches seek to incorporate physical-
ly relevant probability models for the controlling fracture
mechanisms. A theoretical justification for a multiple-
fracture process involving Griffith cracks has been pro-
posed by Gilvarry.30 McClintock31 hypothesized the exis-
tence of intergranular cracks related to microstructural
details and computed frequency distributions of cracks as
a function of size.

Other researchers have also sought to further develop
theories in which fracture is due to intergranular cracks
and voids32"34; Batdorf, for instance, has considered a
weakest link theory for isotropic materials containing ran-
domly oriented microcracks uniformly distributed
throughout the volume. Then the strength statistics are
given by

Pf = 1 - exp (ID

where 12 represents the solid angle containing the normals
to all orientations for which the component of the applied
stress normal to the crack plane is crn > crcr, and 2 sig-
nifies the applied stress state in an element of volume AV
of a materials with crack density N.

Then under the assumption of cracking for normal
stresses

477
= 1 - ( v-^ ) for uniaxial stress acr < a

for equibiaxial stress

•=- 0 for or > 0 (12)

Pf = I - exp [-TW0(SV4) exp(-l/S4)]

N can be expanded in Taylor series and inserted into Eq.
(11). The resulting expression for Pf (a) is then fitted to
laboratory uniaxial data to arbitrary precision. Then frac-
ture statistics for other stress states are obtained from Eq.
(11) with appropriate choice of 12 (2,<7Cr).

For small s (where s = effective stress), then
(13)

This theory is incomplete since it assumes fracture is
determined by the tensile stress normal to a crack plane
and cannot account for fracture in pure compression. In
effect this assumption takes account of direct stresses act-
ing on a crack, but neglects the effect of shear, which is
only justifiable when the maximum compressive stress is
less in absolute value then three times the maximum
principal feasible stress. Note that for materials with low
dispersion in fracture stress, this theory reduces to a form
similar to that of Weibull.

An alternate form based on different crack formation
and size distribution hypothesis34 for simple tension is

Pf(S) = 1 - exp [-VN0 !

where

S = c r -
2 A1/4

(14)

A = grain cross section, and KI = fracture toughness.
In terms of comparing different fracture theories, earlier

studies35 resulted in a suggested room temperature,
two-parameter Weibull strength distribution for the hot-
pressed silicon nitride as

r /a \io.86-|
[- 0.693 (^) J (15)— I - exp

Batdorf,36 assumed the existence of 1600 microcracks,
plus 4 cracks near a stress concentration of 1.85 and sug-
gested the probability distribution

Pf = 1 - exp[-1600 F(S] - 4^(1.85)]
where

F(S) = -f); exp" dX (16)

Comparison of these two distributions illustrates one of
the frustrations of research in the field of brittle fracture
statistics since available experimental results are general-
ly insufficient to clearly choose one theory as opposed to
another. However it would seem desirable to use theories
which successfully reproduce observed size effects, which
can be related to microstructural details and which can
incorporate known surface (microcracking due to machin-
ing) effects.

However, because of the typical wide scatter of ceramic
strength and the general unavailability of high-temper-
ature strength data, we are currently more-or-less forced
to deal with the less elegant theories and to rely on proof
testing and nondestructive flaw detection in order to en-
hance component life.

Probability of Flaw Detection

The control as well as the prediction of flaws occupies a
predominant role in use of fracture mechanics analysis for
fatigue and fracture failure.37 Quality control in materials
processing and component manufacture, periodic nonde-

.60

.40-

.20-

.02

I I
20 30 90 95 98 99 >9. 9 99. 99

Fig.13 Sensitivity of various nondestructive testing proce-
dures for complex steel components.
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COMPLEX STEEL PARTS Table 3

10 20 30 50 70 95 98 99 99. 9 99. 99

Fig. 14 Comparison of production and laboratory inspection
techniques.

structive inspection and proof testing are obvious methods
to cope with inherent defects. It is important to realize
that nondestructive evaluation techniques can only detect
small portions of the defects and moreover cannot resolve
the absolute sizes. Each technique has a characteristic de-
tectability curve which is governed by the materials, na-
ture of the defect, component configuration, test proce-
dures, and other factors. Obviously the chance of detect-
ing a flaw increases for larger flaws. This is illustrated by
Fig. 13, which displays the flaw size vs probability of de-
tection characteristics21 for various nondestructive evalua-
tion techniques applied to steel components. Another as-
pect of the inspection process is illustrated by Fig. 14,
representing typical results portraying the sensitivity of
less costly production inspection procedures vs laboratory
techniques employing highly trained and experienced per-
sonnel. The capabilities of nondestructive test methods
have been evaluated for several metals,38 and in addition
limited data on inspection capabilities for structural ce-
ramics is available.39

Using data similar to that illustrated in Fig. 13 and 14,
appropriate for the materials and geometry of concern, the
selection of materials can now be based on the estimated
probability of occurrence of the particular flaw size, as
well as the likelihood of detecting that particular flaw
size. Material comparisons would be based on the overall
probability, namely the product of the probabilities of ex-
istence of the critical flaw sizes and the likelihood of de-
tecting the flaw. Obviously, the reliability of the method-
ology could be enhanced by multiple use of the various
nondestructive evaluation techniques.

Coefficient of variance
% flaw-radius

Design Design
stress stress

Coefficient of
variance %

in.

Material
60 % Yield 25 % Yield Fracture Yield

±15% ±15% toughness Strength

2024-T3
Ti-mill range
2024-T4
TL6A14V
7075-T6
7178-T6
18 Ni maraging

steel
4340 steel

36.2
35.6
39.7
35.9
46.3
42.3
36.6

36.7

35.5
34.8
39.1
35.1
45.8
41.7
35.8

36.0

4.7
3.6
8.6
4.1

14.2
11.0
5.1

5.2

8.3
7.1
8.3
7.1
5.9
8.0
6.9

6.25

Conclusions

It is important to employ probability-based materials
selection criterion for several reasons. First, the critical
flaw size estimates, for instance, involve a nonlinear equa-
tion, requiring multiple parameter input. Secondly, for
these conditions, use of the Monte Carlo Method has
demonstrated lack of linear proportionality of results, par-
ticularly when confidence limits are introduced into the
materials optimization. Comparison of mean flaw esti-
mates, for 25% and 60% operating stress levels is made in
Fig. 15 and Table 3. There is a definite ranking which is
merely shifted depending on the magnitude of the design
stress. However, consideration of the 95% confidence lev-
els, Fig. 16, for the stresses, indicates a considerable region
of overlap which tends to obscure materials selection, and
furthermore imposes the necessity for a more systematic
evaluation of the influence of each controlling parameter
in the fracture mechanics relation. That is, from the opti-
mization viewpoint, one can isolate the controlling influ-
ence of each material property variability.

Also shown in Table 3 is the coefficient of variance, in
percent, for the input values of fracture toughness and
yield stress, along with the resulting coefficient of vari-
ance in mean flaw sizes. Note that the magnitude of vari-
ance is considerably larger than would result from appli-
cation of a simple series approximation technique. The
range of variance for the different materials is of interest.
Steel, titanium and aluminum alloys exhibit coefficients
of variance in defect radii ranging from about 35-46%.
Referring to Fig. 6 for hot pressed beryllium, we see the
corresponding range is 20-42% as the variance increases in
the design stress from 0-15%. The hot pressed silicon ni-
tride flaw estimates exhibit even more variability

Ti-Mill Range-

2024- T4-

TJ-6AI-4V-

7075-T6-

7178-T6-
18 Ni
Maraging Steel

4340 Steel -

1.0 0. 1
Crit ical Flaw Radius, Inches

Fig. 15 Ranking of mean flaw radius for 60% and 25% yield
stress levels.

18Ni
Maraging Steel

4340 Steel —

10. i.o o.i
Critical Flaw Radius, Inches

Fig. 16 Ranking of critical interior flaws, based on 400 trials,
for 60% and 25% yield stress levels, 95% confidence
limits.
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(51-66%, as seen in Fig. 9), typifying a more brittle, less
predictable response.

Referring to Tables 1 and 2, it is apparent that for a
number of materials, the flaw size estimates were exces-
sively large suggesting lack of brittle fracture susceptibili-
ty or perhaps an inapplicability of a simple Mode I frac-
ture criterion. In the case .of silicon nitride, flaw size esti-
mates appeared to be of the correct order of magnitude in
terms of inherent materials defects. While the defect esti-
mates also appeared reasonable for 4340 steel and berylli-
um, it is important to recall the overriding importance of
manufacturing techniques and process control in estab-
lishing the magnitude of inherent materials defect. In
4340 steel, for instance, it is known that the controlling
microstructural defect can be modified by two or three
orders of magnitude, merely by controlled vacuum as op-
posed to air melting.40 The importance of surface integri-
ty in defining the critical defect size relative to fatigue
crack initiation is also well known in a number of materi-
als. Thus metallurgical and process control aspects do
contribute an equally important role in fracture-based
materials selection.

Nonetheless, ability of the Monte Carlo method to treat
variability in the multiparameter relationships of critical
flaw size and crack growth rules is a distinct advantage
over traditional deterministic approaches. Failure of sim-
pler methods to represent variability in the solution is
shown in Fig. 1 and Table 2. In Fig. 1 the mean values
agree reasonably well for the two methods but the as-
sumed normal distribution differs considerably from the
Monte Carlo determinations. Table 2 shows generally poor
agreement for the standard deviation over most of the
range of variability in operating stresses.

With regard to application of the Monte Carlo method,
this paper demonstrates that selection of the appropriate
number of simulations must rely on consideration of third
and higher order moments of the resulting statistical dis-
tributions. It was demonstrated that mean values and
standard deviations were fairly constant after a relatively
few trials, whereas the third and fourth moments contin-
ued to exhibit instability until considerably larger num-
bers of simulations had been completed.

In terms of fatigue life estimates, other forms of crack
growth equations should be investigated. Crack growth
data displayed on a log-log plot, usually exhibits a charac-
teristic sigmoidal form and this as well as other represen-
tations must be studied carefully to obtain the most desir-
able methodology.

Further work is obviously required to fully verify the
Monte Carlo methodology, particularly for elevated tem-
peratures and response of complex engine components ex-
posed to environmental extremes and representative spec-
trum loadings. Moreover it is certain that ceramic materi-
als require further experimental and theoretical develop-
ments in order to achieve accurate component life esti-
mate capabilities. In particular, more carefully evaluated
test methods to determine crack growth rate parameters
are especially important.
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